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The question of thermalisation in closed quantum many-body systems has received a lot of atten-
tion in the past few years. An intimately related question is whether a closed quantum system shows
irreversible dynamics. However, irreversibility and what we actually mean by this in a quantum
many-body system with unitary dynamics has been explored very little. In this work we investigate
the dynamics of the Ising model in a transverse magnetic field involving an imperfect effective time
reversal. We propose a definition of irreversibility based on the echo peak decay of observables.
Inducing the effective time reversal by different protocols we find algebraic decay of the echo peak
heights or an ever persisting echo peak indicating that the dynamics in this model is well reversible.
I. INTRODUCTION
During the last decades enormous advances in the
experimental realisation of highly controllable quantum
simulators [1–4] have triggered a lot of activity in theo-
retically investigating the out of equilibrium dynamics of
quantum many-body systems. In particular the equili-
bration of closed many-body systems and the process of
thermalisation as fundamental questions of quantum sta-
tistical mechanics aroused a lot of interest [5–14]. Never-
theless, albeit being intimately related to thermalisation
the question of irreversibility in quantum many-body sys-
tems has to date hardly been addressed.
In the context of classical systems this question
was already discussed during the development of ther-
modynamics. Regarding Boltzmann’s H-theorem [15]
Loschmidt pointed out that in his derivation of the Sec-
ond Law Boltzmann had obviously broken the time re-
versal invariance of the underlying microscopic laws of
motion[16]. Specifically, he argued that if one performs
an effective time reversal on a classical gas by inverting
the velocities of all particles at some point in time the
system must necessarily return to its initial state after
twice that time. With this example at hand the emer-
gence of irreversibility in classical systems is nowadays
easily understood: A system with sufficiently many de-
grees of freedom will generically exhibit chaotic dynamics
and therefore any time reversal operation will be practi-
cally infeasible due to the exponential sensitivity of the
dynamics to inevitable errors. This is also a way to un-
derstand the loss of information about the initial state
during the time evolution, which is essential for thermal-
isation. In a chaotic many-body system with irreversible
dynamics there is no realisable protocol that would allow
to return it to the initial state.
Referring to the knowledge about classical irreversibil-
ity Peres suggested to study the Loschmidt echo
L(τ) = |〈ψ0|ei(H+ǫV )τe−iHτ |ψ0〉|2 (1)
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in order to quantify irreversibility of quantum systems
[17]. The Loschmidt echo is the overlap of the initial
state with the forward and backward time evolved state
when including a small deviation ǫV in the time evo-
lution operator of the backwards evolution. As such it
quantifies how well the initial state is resembled after an
imperfect effective time reversal. The Loschmidt echo
turned out to be a very interesting measure when study-
ing systems with few degrees of freedom, exhibiting a
variety of possible decay characteristics [18, 19].
However, in generic quantum many-body systems the
Loschmidt echo is not a measurable quantity. If the
prerequisite of the Eigenstate Thermalisation Hypoth-
esis (ETH) [20–22] pertains, which all numerical evi-
dence indicates [7, 23, 24], then expectation values of
local observables OE = 〈E|Oˆ|E〉 are smooth functions
of the eigenstate energy E. This means that even or-
thogonal states cannot necessarily be distinguished ex-
perimentally. This argument carries over to integrable
systems when the observable expectation value is consid-
ered as a function of all integrals of motion instead of only
the energy [25]. Therefore a definition of irreversibility
with respect to the Loschmidt-echo cannot meaningfully
differentiate between reversible and irreversible dynam-
ics in many-body systems. It should also be noted that
generally the Loschmidt echo is of large deviation form,
L(τ) ∼ e−Nl(τ) with some rate function l(τ), i.e. it is
exponentially suppressed with increasing system size N .
In our work, when addressing the question of irre-
versibility in many-body systems we focus on observable
echoes that are produced under imperfect effective time
reversal, i.e.
〈O〉τ = 〈ψ(τ)|Oˆ|ψ(τ)〉 ,
|ψ(τ)〉 = ei(H+ǫV )τe−iHτ |ψ0〉 . (2)
We propose a definition of irreversibility based on the
decay of the echo peak as the waiting time τ is increased.
With respect to that we consider the dynamics of systems
exhibiting an algebraic decay reversible, whereas systems
with exponentially or faster than exponentially decaying
echo peaks are irreversible.
Obviously, echoes in the expectation values of observ-
ables will depend on the choice of the observables. Thus,
2the conclusions that can be drawn regarding the irre-
versibility of the dynamics will have to be decided on a
case by case basis. However, to the best of the current
knowledge fundamental issues of thermalisation, in par-
ticular the description of stationary expectation values
in unitarily evolved pure states after long times by ther-
mal density matrices, can likewise only be understood for
specific classes of observables [13, 14].
Recently, an alternative definition for chaos in quan-
tum systems was put forward, which is based on the
behaviour of out-of-time-order (OTO) correlators of the
form 〈W (t)V (0)W (t)V (0)〉. These OTO correlators
probe a system’s sensitivity to small perturbations [26].
Moreover, they are closely related to the phenomenon of
scrambling, i.e. the complete delocalisation of initially
local information under time evolution [27]. The relation
between both definitions should be investigated system-
atically in future work.
An important experimental application of effective
time reversal are NMR experiments. The dynamics of
non-interacting spins can be reverted by the Hahn echo
technique [28] or by the application of more sophisticated
pulse sequences [29, 30]. Moreover, it is possible to realise
effective time reversal in certain dipolar coupled spin sys-
tems by the so called magic echo technique [31–33]. Par-
ticularly notable are various experimental and theoretical
works on the refocussing of a local excitation by effective
time reversal in NMR setups [34–37]. Besides that we ex-
pect that effective time reversal can be realised in quan-
tum simulators [3, 4]; and recently there were proposals
for effective time reversal by periodic driving [38] or by
spin flips in cold atom setups with spin-orbit coupling
[39].
Results for the echo dynamics in many-body systems
might also be interesting from other points of view. For
example, there are proposals for the identification of
many-body localised phases using spin echoes [40] or for
the certification of quantum simulators using effective
time reversal [41].
In this letter we report results for effective time reversal
in the transverse field Ising model (TFIM). This simple
model Hamiltonian is diagonal in terms of fermionic de-
grees of freedom and all quantities of interest can be com-
puted analytically in the thermodynamic limit. Thus, it
has well known properties and, in particular, the station-
ary state it approaches in the long time limit is well un-
derstood [10, 42]. As such the TFIM is ideally suited as a
starting point to study irreversibility theoretically from
the aforementioned point of view. On top of this, the
TFIM has been realised experimentally in circuit QED
[43].
II. DYNAMICS IN THE TRANSVERSE FIELD
ISING MODEL
The Ising model in a transverse magnetic field is de-
fined by the Hamiltonian
H(h) = −J
N∑
i=1
Szi S
z
i+1 + h
N∑
i=1
Sxi , (3)
where S
x/z
i denotes the Pauli spin operators acting on lat-
tice site i, N the number of lattice sites, and h the mag-
netic field strength [44]. For our purposes we consider
periodic boundary conditions. A Jordan-Wigner trans-
form allows to map this spin Hamiltonian to a quadratic
Hamiltonian in momentum space
H(g) = J
∑
k>0
(
c†k c−k
)(dzk(g) −idyk
idyk −dzk(g)
)(
ck
c†−k
)
(4)
with fermionic operators c†k, ck and coefficient functions
dyk(g) = sin(k)/2 and d
z
k(g) = g − cos(k)/2, where g =
h/J . The Bogoliubov rotation
(
λk
λ†−k
)
= Rx(θgk)
(
ck
c†−k
)
(5)
with Bogoliubov angle θgk = arctan (d
y
k/d
z
k(g)) diago-
nalises the Hamiltonian yielding
H(g) =
∑
k>0
ǫgkλ
†
kλk (6)
with energy spectrum ǫgk = J
√
dyk(g)
2 + dzk(g)
2. The gap
closing point at g = 1/2 indicates the quantum phase
transition between paramagnet and ferromagnet.
Above a family of unitary matrices,
Rα(φ) = 1 cos
φ
2
+ iσα sin
φ
2
, α ∈ {x, y, z} , (7)
with the Pauli matrices σα was introduced for later con-
venience.
After mapping the spin degrees of freedom to free
fermions expectation values of many observables are –
thanks to Wick’s theorem – given in terms of block
Toeplitz (correlation) matrices Γij ≡ Γ(i−j), where
Γl =
(
fl gl
−g−l −fl
)
(8)
with
gl ≡ i〈aibi+l−1〉 , (9)
fl ≡ i〈aiai+l〉 − iδl0 = i〈bi+lbi〉 − iδl0 , (10)
and Majorana operators ai = c
†
i + ci, bi = i(c
†
i − ci) [45–
49]. Here 〈·〉 denotes the expectation value for a given
3state |ψ〉, i.e. 〈·〉 ≡ 〈ψ| · |ψ〉. Since, due to translational
invariance,
gl =
i
N
∑
k
e−ik(l−1)〈bka−k〉 ≡ 1
N
∑
k
e−iklgˆk , (11)
fl =
i
N
∑
k
e−ikl〈aka−k〉 ≡ 1
N
∑
k
e−iklfˆk , (12)
where ak =
1√
N
∑
l e
−iklal and bk = 1√N
∑
l e
−iklbl, the
Toeplitz matrix Γij is fully determined by its symbol
Γˆk =
(
fˆk gˆk
−gˆ−k −fˆk
)
(13)
via Γl =
∑
k e
−iklΓˆk.
For our purposes we consider the transverse magneti-
sation
〈mx〉 ≡ 1
N
∑
i
〈Sxi 〉 = −
1
2
g1 (14)
and the longitudinal spin-spin correlation
ρzzn ≡ 〈Szi Szi+n〉 =
1
4
Pf [Γn] , (15)
where Pf[·] denotes the Pfaffian and Γn is the correlation
matrix consisting of blocks Γij with |i − j| < n (cf. eq.
(8)). Moreover, we will study the entanglement entropy
Sn of a strip An of n adjacent spins with the rest of the
system, which is given by
Sn ≡ Tr [ρAn ln (ρAn)] =
∑
l
1 + νl
2
(16)
where ρAn is the reduced density matrix of the subsystem
An and νl are the eigenvalues of Γ
n [50, 51].
In the following we will be interested in time evolution
which is induced by quenching the magnetic field g at t =
0. This means the initial state |ψ0〉 is the ground state of
the HamiltonianH(g0) and for t > 0 the time evolution is
driven by a Hamiltonian H(g) with g 6= g0. To compute
the time evolution for this protocol it is convenient to
introduce operators
~Ωi ≡
(
ω+i
ω−i
)
≡
√
2Ry(π/2)
(
c†i
ci
)
(17)
in terms of which the correlators (9) and (10) are
i〈aiaj〉 = i〈ω+i ω+j 〉 and i〈aibj〉 = −〈ω+i ω−j 〉 . Γn is then
fully determined by the correlation matrix
〈~Ωk~Ω†k〉t =
(〈ω+k ω+−k〉t −〈ω+k ω−−k〉t
〈ω−k ω+−k〉t −〈ω−k ω−−k〉t
)
. (18)
where 〈·〉t is the expectation value with respect to
the time evolved state |ψ(t)〉. For the abovemen-
tioned quench the expectation values with |ψ(t)〉 =
exp (−iH(g)t) |ψ0〉 can be evaluated [52], yielding
〈~Ωk~Ω†k〉t =
1
2
U˜k(t) (σ
z + 1) U˜k(t)
† , (19)
where U˜k(t) =
√
2Ry
(
π
2
)
Rx(θgk)R
z(2ǫgkt)R
x(φg,g0k ) with
Rα(φ) as defined in eq. (7) and φg,g0k ≡ θgk − θg0k . In
the following we will employ straightforward generalisa-
tions of this formalism for situations of imperfect effec-
tive time reversal, generally yielding coefficients Σkα(t) ≡
Σkα(t, g0, g, . . .) with which
〈~Ωk~Ω†k〉t = 1+
∑
α∈{x,y,z}
Σkα(t)σ
α , (20)
where σα denote the Pauli matrices. Although derived
straightforwardly, the expressions for Σkα(t) become very
lengthy for the time reversal protocols under considera-
tion in this work. The full expressions can be found in
the appendix.
III. QUANTIFYING INITIAL STATE
RESEMBLANCE
In the following we will study the resemblance of a time
evolved state to the initial state when different kinds of
imperfect effective time reversal are employed at t = τ .
For this purpose we compute different time dependent
quantities Xt, namely observables and entanglement en-
tropy. For t→∞ these quantities approach a stationary
valueX∞. However, due to the applied time reversal pro-
tocol the deviation |Xt −X∞| will show a distinguished
maximum at te ≈ 2τ , which we call the echo peak. We
will consider the normalised echo peak height
E∗τ [X ] = maxt>τ
∣∣∣∣Xt −X∞X0 −X∞
∣∣∣∣ (21)
as measure for the initial state resemblance.
According to eqs. (11), (12), and (20) the quantities of
interest will in the thermodynamic limit (N →∞) be de-
termined by integrals
∫ π
−π dke
−inkΣkα/2π, where the time-
dependent parts of Σkα oscillate more and more quickly as
function of k with increasing t. Therefore, the stationary
values X∞ are given by the corresponding integrals over
only the time-independent contributions to Σkα [52].
In what follows we discuss three different time re-
versal protocols, namely time reversal by explicit sign
change of the Hamiltonian, H(g) → −H(g + δg),
time reversal by application of a Loschmidt pulse UP ,
H(g) → U †PH(g)UP , and a generalised Hahn echo pro-
tocol, H(g) → H(−g). All three protocols yield al-
gebraically decaying or even ever persisting echo peak
heights.
IV. TIME REVERSAL BY EXPLICIT SIGN
CHANGE
As a first echo protocol we consider effective time rever-
sal induced by an explicit sign change of the Hamiltonian
at time τ and a well controlled deviation in the backward
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FIG. 1. Time evolution of the transverse magnetisation 〈mx〉t
(red curves), the longitudinal spin-spin correlation 〈Szi S
z
i+1〉t
(blue curves), and the rate function of the fidelity l(t) =
limN→∞ ln(〈ψ0|ψ(t)〉)/N (green curves) for the three differ-
ent echo protocols: (a) by explicit sign change, (b) by pulse,
(c) generalised Hahn echo.
evolution through a slight variation δg of the magnetic
field, i.e. for t > τ
U(t) = exp (iH(gδ)(t− τ)) exp (−iH(g)τ) , (22)
where gδ ≡ g + δg was introduced. The corresponding
correlation matrix (20) is given by eqs. (A6)-(A8) in the
appendix.
In order to reliably assess how well an initial state
can be recovered by imperfect effective time reversal we
choose initial states, which exhibit distinguishable ex-
pectation values of some observables. These are ground
states of H(g) for g = 0 or g ≫ 1, respectively, which
show large spin-spin correlations.
Under the time reversal protocol described above the
energy spectrum ǫgδk is deformed as compared to ǫ
g
k and,
consequently, the quasiparticle velocities, vk =
dǫk
dk , dur-
ing forward and backward evolution can differ. There-
fore, the closest resemblance of the time evolved state
to the initial state does not necessarily occur at t = 2τ .
This becomes evident in the exemplary time evolution
displayed in fig. 1a. In addition to observables fig. 1a
shows the time evolution of the rate function of the fi-
delity, l(t) = limN→∞ ln(|〈ψ0|ψ(t)〉|2)/N . A minimum of
this quantity corresponds to a large overlap of the time
evolved state with the initial state for finite N . Note
as an aside that the time evolution exhibits dynamical
quantum phase transitions, which aroused a lot of inter-
est recently [53], in the forward as well as in the backward
evolution.
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FIG. 2. (a) Echo peak height of the transverse magnetisation
for three different quenches. The dots are exact results, the
lines are the asymptotes ∝ τ−1/2 given by eq. (23). (b) Esti-
mation of the echo peak height at the onset of the algebraic
decay based on the stationary phase approximation. The echo
protocol parameters are g0 = 1 and δg = 0.02.
Let us first consider echoes in the transverse magneti-
sation. For this observable a stationary phase approxi-
mation reveals an algebraic decay of the echo peak height
with
|〈mx〉te − 〈mx〉∞| ≈ κk∗(τ)βg,g0 ,gδk∗ τ−1/2 , (23)
where κk∗(τ) = cos(2(ǫ
g
k∗ − νg,gδk∗ ǫgδk∗)τ + π/4),
βg,g0,gδk∗ =
ζg,gδ,g0k∗
2
√
π |ξg,gδk∗ |1/2
, (24)
ζg,gδ ,g0k ≡ sin θgδk∗ sinφg,g0k∗
cosφgδ,gk∗ + 1
2
, (25)
ξg,gδk∗ ≡
d2
dk2
(ǫgk − νg,gδk∗ ǫgδk )
∣∣∣∣
k=k∗
, (26)
and the echo peak time is te = (1 + ν
g,gδ
k∗ )τ with
k∗ = argmax
k∗
|βg,g0,gδk∗ | . (27)
From the stationary phase approximation the onset of
the algebraic decay can be expected at τ ≈ τ∗ with
τ∗ = ddk ζ
g,gδ,g0
k
∣∣
k=k∗
/ξg,gδk∗ . On this timescale the os-
cillating factor varies so slowly that it can be approxi-
mated with κk∗(τ) ≈ 1. A detailed derivation of this
result is given in the appendix. Fig. 2a shows the decay
of the echo peak height of the transverse magnetisation
5as a function of the forward time τ for three different
quenches starting in the paramagnetic phase. In all cases
the initial magnetisation is almost perfectly recovered for
forward times τ . τ∗, whereas it decays algebraically for
τ ≫ τ∗. Moreover, the evaluation of βg,g0,gδk∗ and τ∗ as
function of the deviation δg yields βg,g0,gδk∗ ∝ δg−1/2 and
τ∗ ∝ δg−1 for a wide range of perturbation strengths δg.
As a result, βg,g0,gδk∗ (τ
∗)−1/2 is almost constant (cf. fig.
2b) meaning that generally a very pronounced echo peak
can be expected until the onset of the algebraic decay and
the height of which is independent of the imperfection in
the backwards evolution. Hence, the echo peak decay
is ultimately induced by dephasing due to the deformed
spectrum in the backwards evolution.
Fig. 3 shows the longitudinal spin-spin correlation ρzzd
computed according to eq. (15) for different distances d.
For this quantity we also observe an algebraic decay of
the echo peak height, E∗τ [ρ
zz
d ] ∝ τ−1/2 for large τ . How-
ever, before the onset of the algebraic decay there is a
distance-dependent regime of exponential-looking decay,
which increases with increasing spin-separation d. Simi-
lar behaviour is known for the decay of correlation func-
tions after a simple quench without time reversal [10, 49].
In that case the decay law can be rigorously derived by
identifying an space-time scaling regime where vmaxt ∼ d
with vmax the maximal propagation velocity. Due to the
similar algebraic structure in the echo dynamics we ex-
pect a similar explanation for the intermediate regime in
the decay of the echo peak of ρzzd with a different effec-
tive velocity v˜max = max
k∈[0,π]
d
dk (ǫ
g
k−νg,gδk∗ ǫgδk ). At late times
all entries of the correlation matrix (8) will just like the
transverse magnetisation decay algebraically with expo-
nent −1/2, and therefore the leading term of the Pfaffian
will decay with the same power law, which explains that
E∗τ [ρ
zz
d ] ∝ τ−1/2 for v˜maxτ ≫ d. Considering the order
parameter 〈mz〉 = limd→∞ ρzzd , our result implies an ex-
ponential decay of the echo peak height for all forward
times τ ≫ 1 when starting from an ordered state.
0.001
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1
0 1000 2000 3000 4000
E
∗ τ
[ρ
z
z
d
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Jτ
d = 1
d = 3
d = 7
d = 15
d = 30
FIG. 3. Echo peak height of the longitudinal spin-spin cor-
relation for different distances d with quench parameters
g0 = 0, g = 1, δg = 0.05. The dots are exact results, the
solid lines are ∝ τ−1/2 and the dashed lines mark the forward
times τ = d/v˜max for the different d, respectively.
Another interesting question is how far the entangle-
ment produced during the time evolution can be re-
duced again by the effective time reversal protocol. After
quenching the magnetic field the entanglement entropy
increases until it saturates at a level that is determined
by the subsystem size [54]. Therefore, an echo peak
E∗τ [Sd] = 1 means that the state |ψ(te)〉 has the same low
entanglement as the initial state, whereas for E∗τ [Sd] < 1
some additional entanglement remains. Fig. 4 displays
the echo peak height of the entanglement entropy Sn of a
subsystem Ad consisting of d adjacent spins with the rest
of the chain as defined in eq. (16). Again we observe an
initial d-dependent regime of exponential-looking decay
crossing over to algebraic decay with E∗τ [Sd] ∝ τ−1/2 for
τ > d/2v˜max.
0.1
1
0 1 2 3 4 5
0
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∗ τ
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S
2
0
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FIG. 4. Decay of the echo peak height of the entanglement
entropy for different subsystem sizes d, g0 = 1, g = 0.5, δg =
0.05. After long waiting times the echo peak height decays
algebraically ∝ τ−1/2 (black line). The inset shows an ex-
emplary time evolution of the entanglement entropy under
effective time reversal for d = 20 and g0 = 2.5, g = 0.55, δg =
0.05, τ = 30.
V. TIME REVERSAL BY A LOSCHMIDT
PULSE
Another possibility to invert the course of the dynam-
ics in the TFIM is the application of a pulse similar to
the π-pulses applied to the system in a Hahn echo exper-
iment. Consider the Hamiltonian
HP = −α
∑
j
(
Sxj S
y
j+1 + h.c.
)
. (28)
In terms of the Jordan-Wigner fermions in momentum
space this reads
HP = 2α
∑
k
sin k
(
c†kc
†
−k + c−kck
)
(29)
and the structure does not change under Bogoliubov ro-
tation, since c†kc
†
−k + c−kck = λ
†
kλ
†
−k + λ−kλk. The time
6evolution operator for this Hamiltonian in the diagonal
basis is
e−iHP t =
∏
k
[cos(2αt sink)
−i sin(2αt sin k)
(
λ†kλ
†
−k + λ−kλk
)]
(30)
For a given pulse time tP this operator perfectly in-
verts the population of modes k∗n with 2αtP sin k
∗
n =
(2n + 1)π/2, n ∈ Z, whereas the population of modes
k×n with 2αtP sin k
×
n = nπ remains unchanged. The pop-
ulation of other modes is partially inverted. Thereby,
the evolution of the system under the Hamiltonian (28)
for a pulse time tp leads to an imperfect effective time
reversal, i.e. eiHP tP e−iHτe−iHP tP = ei(H+ǫV )τ , by an im-
perfect inversion of the mode occupation.
Note that in the notation introduced above the pulse
operator in one k-sector is U˜Pk (2αt) ≡ Rx(4αt sin k)†.
The result for the corresponding correlation matrix to
this echo protocol is given in eqs. (A13)-(A15) in the
appendix.
With this protocol the forward and backward time evo-
lution are generated by the same Hamiltonian; hence,
the echo peak after time reversal at time τ appears at
te = 2τ , which can be seen in the exemplary time evolu-
tion in fig. 1b. In particular, we find that at te = 2τ the
transverse magnetisation can be split into three parts,
〈mx〉te=2τ = 〈mx〉∞ + 〈mx〉E + 〈mx〉τ , (31)
where 〈mx〉∞ is the stationary value reached at t → ∞,
〈mx〉E is an additional τ -independent contribution, and
〈mx〉τ are the time-dependent contributions, which van-
ish for τ → ∞. This means we find an echo peak at
te = 2τ , which never decays. The residual peak height is
given by
〈mx〉E = 1
2
∫ π
−π
dk
2π
sinφg,g0k
(
1− cos (4αtP sink)
)
(32)
An example of this ever persisting echo is depicted in
fig. 5, where the dots show the exact result and the
dashed line shows the echo peak height expected when
only considering the time-independent contributions in
eq. (31).
VI. TIME REVERSAL BY GENERALISED
HAHN ECHO
The Hamiltonian of the TFIM (3) allows for an echo
protocol very similar to the way the effective time rever-
sal is induced in a Hahn echo experiment [28], namely by
a sign inversion of the Zeeman term. For large magnetic
fields changing the sign of the field can be considered
an effective time reversal with small imperfection given
by the Ising term, ǫV = 2J
∑
i S
z
i S
z
i+1. In contrast to
the original Hahn echo setup, where an initial magneti-
sation decays due to field inhomogeneities, the decay in
0.1
1
0 2000 4000 6000 8000 10000
E
∗ τ
[〈m
x
〉]
Jτ
FIG. 5. Echo peak heights for the transverse magnetisation
mx when applying the pulse Hamiltonian (28) for effective
time reversal. Due to absence of dephasing the echo peak
height (red dots) does not decay but oscillates around the
value given by eq. (32) (dashed line). The parameters of the
corresponding pulse echo protocol are g0 = 1,g = 0.3, and
αtP = 25.
the TFIM will be due to the coupling of the physical
degrees of freedom.
The stationary phase analysis for the echo dynamics
under this protocol unveils that it combines two prop-
erties of the previously discussed protocols. Since the
switching of the magnetic field corresponds to a shift of
the energy spectrum, ǫgk = ǫ
−g
k+π, the quasiparticle veloci-
ties are perfectly inverted, yielding echo peaks at te = 2τ ;
nevertheless, for large τ the echo peak height decays al-
gebraically with exponent −1/2. A detailed derivation is
given in the appendix.
VII. RELATION TO THERMALISATION
The fact that it is well possible to produce pro-
nounced echoes in the TFIM also after long waiting
times matches the absence of thermalisation in the con-
ventional sense. The dynamics of the system is con-
strained by infinitely many integrals of motion, which
keep a lot of information about the initial state. Espe-
cially, these integrals of motion determine the station-
ary value of local observables through the correspond-
ing generalised Gibbs ensemble (GGE) [10], i.e. the re-
duced density matrix of a strip of length l, ρl(t), con-
verges to a density matrix given by a GGE, ρGGE,l, for
t→ ∞. Note that the distance of both density matrices
decreases as D(ρl(t), ρGGE,l) ∝ l2t−3/2[11], whereas the
expectation value of an observable at t = 2τ is deter-
mined by 〈O〉2τ = tr[O(τ)ρ(τ)]. In the latter expression
ρ(τ) = e−iHτ |ψ0〉〈ψ0|eiHτ approaches a GGE as men-
tioned above but O(τ) = e−i(H+ǫV )τOei(H+ǫV )τ becomes
increasingly non-local. Therefore, the fact that echoes
are possible after arbitrarily long waiting times does not
contradict the convergence to a GGE.
7VIII. DISCUSSION
We proposed a definition of irreversibility based on the
decay of observable echoes under imperfect effective time
reversal and presented different ways to induce the time
reversal in the TFIM. As a result we find an algebraic
decay of the echo peak height after long forward times
for all observables under consideration due to dephasing
whenever the imperfection comes along with a deforma-
tion of the energy spectrum. In the case of an unchanged
spectrum during forward and backward evolution there
is a residual contribution to the echo peak, which never
decays.
Based on these results we conclude that the dynam-
ics in the TFIM can be considered well reversible. This
finding matches the fact that the TFIM has an infinite
number of integrals of motion, which preserve a lot of in-
formation about the initial state throughout the course
of the dynamics and also prevent the equilibration to a
conventional Gibbs ensemble.
An important point of future work will be to under-
stand the dynamics of non-quadratic Hamiltonians under
imperfect effective time reversal. Work along these lines
is in progress.
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9Appendix A: Computing echo time evolution in the TFIM
As mentioned in the main text the time evolution of all observables of interest is essentially determined by the
correlation matrix
〈~Ωk~Ω†k〉t =
(〈ω+k ω+−k〉t −〈ω+k ω−−k〉t
〈ω−k ω+−k〉t −〈ω−k ω−−k〉t
)
, (A1)
which is for the case of quenching from the ground state determined by
〈~Ωk~Ω†k〉t =
1
2
U˜k(t) (σ
z + 1) U˜k(t)
† (A2)
with U˜k(t) =
√
2Ry
(
π
2
)
Rx(θgk)R
z(2ǫgkt)R
x(φg,g0k ) the time evolution operator of the corresponding k-sector in ex-
pressed in the basis of the initial Hamiltonian [52]. Recall the definition
Rα(φ) = 1 cos
φ
2
+ iσα sin
φ
2
, α ∈ {x, y, z} . (A3)
The correlation matrices can generally be written as
〈~Ωk~Ω†k〉t = 1+
3∑
α=1
Σkα(t)σ
α (A4)
with suited coefficients Σkα(t), α ∈ {x, y, z}, and the Pauli matrices σα. The formalism for a simple quench is
straightforwardly generalised for the different echo protocols discussed in the main text. In the following subsections
we give the corresponding coefficient functions Σkα.
1. Σα for echoes through explicit sign change
For the time reversal by explicit sign change, where the Hamiltonian is switched from H(g) to −H(g+ δg) at t = τ ,
U˜k(t) generalises to
U˜k(t) =
√
2Ry
(π
2
){ Rx(θgk) , t < τ
Rx(θgδk )R
z(−2ǫgδk (t− τ))†Rx(φgδ ,gk )† , t > τ
}
Rz(2ǫgkt)
†Rx(φg,g0k )
† (A5)
yielding
Σkx =− [(cosφg,g0k sinφgδ,gk + sinφg,g0k cosφgδ ,gk cos(2ǫgkτ)) cos(2ǫgδk (t− τ))
+ sinφg,g0k sin(2ǫ
g
kτ) sin(2ǫ
gδ
k (t− τ))] sin θgδk
− [cosφg,g0k cosφgδ,gk − sinφg,g0k sinφgδ,gk cos(2ǫgkτ)] cos θgδk , (A6)
Σky =− [(cosφg,g0k sinφgδ,gk + sinφg,g0k cosφgδ ,gk cos(2ǫgkτ)) cos(2ǫgδk (t− τ))
+ sinφg,g0k sin(2ǫ
g
kτ) sin(2ǫ
gδ
k (t− τ))] cos θgδk
+ [cosφg,g0k cosφ
gδ,g
k − sinφg,g0k sinφgδ,gk cos(2ǫgkτ)] sin θgδk , (A7)
Σkz =sinφ
g,g0
k sin(2ǫ
g
kτ) cos(2ǫ
gδ
k (t− τ))
− (cosφg,g0k sinφgδ,gk + sinφg,g0k cosφgδ ,gk cos(2ǫgkτ)) sin(2ǫgδk (t− τ)) . (A8)
for t > τ . For t → ∞ and τ < t the stationary value after application of the time reversal is determined by the
time-independent contributions
Σkx =− cosφg,g0k cosφg,gδk cos θgk , (A9)
Σky =cosφ
g,g0
k cosφ
g,gδ
k sin θ
g
k , (A10)
Σkz =0 . (A11)
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2. Σα for echoes through pulse Hamiltonian
In the case of time reversal by application of a pulse operator U˜Pk (2αt) = R
x(4αt sin k)† we obtain
Ω(t) =
√
2Ry
(π
2
)
Rx(θgk)
{
Rz(2ǫgkt)
† , t < τ
Rx(4αtp sink)R
z(2ǫgk(t− τ))†Rx(4αtp sin k)†Rz(2ǫgkτ)† , t > τ
}
·Rx(φg,g0k )†
(
γk
γ†−k
)
(A12)
In terms of eq. (A4) we get for t > τ
Σkx =
(
A cosχ
αtp
k + B sinχ
αtp
k
)
sin θgk −
(
−A sinχαtpk +B cosχαtpk
)
cos θgk , (A13)
Σky =
(
A cosχ
αtp
k + B sinχ
αtp
k
)
cos θgk +
(
−A sinχαtpk +B cosχαtpk
)
sin θgk , (A14)
Σkz =sinφ
g,g0
k sin(2ǫk(g)τ) cos(2ǫk(g)(t− τ))
+
(
sinφg,g0k cos(2ǫk(g)τ) cos(χ
αtp
k )− cosφg,g0k sin(χαtpk )
)
sin(2ǫk(g)(t− τ)) , (A15)
where χ
αtp
k = 4αtp sin k was introduced and
A =sinφg,g0k sin(2ǫk(g)τ) sin(2ǫk(g)(t− τ))
−
(
sinφg,g0k cos(2ǫk(g)τ) cosχ
αtp
k − cosφg,g0k sinχαtpk
)
cos(2ǫk(g)(t− τ)) , (A16)
B =sinφg,g0k cos(2ǫk(g)τ) sinχ
αtp
k + cosφ
g,g0
k cosχ
αtp
k (A17)
3. Σα for generalised Hahn echo
In the generalised Hahn echo protocol the time reversal is at t = τ induced by a sign change of the magnetic field,
g → −g. In this case the time evolution operator is
U˜k(t) =
√
2Ry
(π
2
){ Rx(θgk) , t < τ
Rx(θ−gk )R
z(2ǫ−gk (t− τ))†Rx(φk−g, g)† , t > τ
}
Rz(2ǫgkt)
†Rx(φg,g0k )
† (A18)
and the corresponding coefficients for the correlation matrix are
Σkx =−
[(
cosφg,g0k sinφ
−g,g
k + sinφ
g,g0
k cosφ
−g,g
k cos(2ǫ
g
kτ)
)
cos(2ǫ−gk (t− τ))
− sinφg,g0k sin(2ǫgkτ) sin(2ǫ−gk (t− τ))
]
sin θ−gk
− [cosφg,g0k cosφ−g,gk − sinφg,g0k sinφ−g,gk cos(2ǫgkτ)] cos θ−gk , (A19)
Σky =−
[(
cosφg,g0k sinφ
−g,g
k + sinφ
g,g0
k cosφ
−g,g
k cos(2ǫ
g
kτ)
)
cos(2ǫ−gk (t− τ))
− sinφg,g0k sin(2ǫgkτ) sin(2ǫ−gk (t− τ))
]
cos θ−gk
+
[
cosφg,g0k cosφ
−g,g
k − sinφg,g0k sinφ−g,gk cos(2ǫgkτ)
]
sin θ−gk , (A20)
Σkz =sinφ
g,g0
k sin(2ǫ
g
kτ) cos(2ǫ
−g
k (t− τ))
+
(
cosφg,g0k sinφ
−g,g
k + sinφ
g,g0
k cosφ
−g,g
k cos(2ǫ
g
kτ)
)
sin(2ǫ−gk (t− τ)) . (A21)
Appendix B: Stationary phase approximation for the decay after long waiting times
1. Transverse magnetisation for time reversal by explicit sign change
The echo in the transverse magnetisation is given by
〈mx〉te = −
∫ π
−π
dk
4π
(
Σkx(te) + iΣ
k
y(te)
)
(B1)
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(cf. eq. (14) in the main text). Since θgk is an odd function of k and so is φ
g,g′
k , whereas ǫ
g
k is even,the imaginary part
does not contribute,
∫ π
−π dkΣ
k
y = 0. Thus,
〈mx〉te =−
∫ π
−π
dk
4π
Σkx (B2)
=〈mx〉∞ +
∫
dk
4π
sin θgδk cosφ
g,g0
k sinφ
gδ,g
k cos(2ǫ
gδ
k ντ) +
∫
dk
4π
sin θgδk sinφ
g,g0
k cosφ
gδ,g
k cos(2ǫ
g
kτ) cos(2ǫ
gδ
k ντ)
+
∫
dk
4π
sinφg,g0k sin(2ǫ
g
kτ) sin(2ǫ
gδ
k ντ) sin θ
gδ
k −
∫
dk
4π
cos θgδk sinφ
g,g0
k sinφ
gδ ,g
k cos(2ǫ
g
kτ) , (B3)
where ν ≡ (te−τ)/τ was introduced. This expression contains two types of integrands, namely two integrals including
only a single trigonometric function of time and two integrals including a product of two trigonometric functions of
time with slightly differing spectra ǫ
g/gδ
k .
Consider the first type. For large τ the integrands become highly oscillatory and the main contribution to the
integral is given by the stationary points k∗ of ǫgk,
dǫgk
dk
∣∣∣∣
k=k∗
= 0⇒ k∗ = 0,±π . (B4)
At the stationary points φk∗ = θk∗ = 0 and expanding the respective test functions f(k) around the stationary points
yields ∫ π
−π
dk
2π
f(k) cos(2ǫkτ) ≈
∑
k∗∈{0,π}
∫ ∞
−∞
dk
2π
f ′′(k∗)
2
(k − k∗)2 cos(ǫ′′k∗(k − k∗)2τ) (B5)
=
∑
k∗∈{0,π}
1
τ3/2
∫ ∞
−∞
dq
2π
f ′′(k∗)
2
q2 cos(ǫ′′k∗q
2) ∝ cos(2ǫk∗τ + π/4)
τ3/2
(B6)
Thus, at long forward times these parts give contributions with a decay law ∝ τ−3/2.
Now consider the terms including products of trigonometric functions of time. Here we can get rid of the products
via the identities
2 cos(2ǫgkτ) cos(2ǫ
gδ
k ντ) = cos(2(ǫ
g
k + νǫ
gδ
k )τ) + cos(2(ǫ
g
k − νǫgδk )τ) , (B7)
2 sin(2ǫgkτ) sin(2ǫ
gδ
k ντ) =− cos(2(ǫgk + νǫgδk )τ) + cos(2(ǫgk − νǫgδk )τ) . (B8)
Allowing for 0 < ν 6= 1 relevant saddle points for the above integrals are determined by
d
dk
(ǫgk ± νǫgδk )|k=k∗ =
((
g
ǫgk
± ν gδ
ǫgδk
)
sin k
)∣∣∣∣
k=k∗
= 0 (B9)
yielding k∗ = 0, π for both signs, and additionally
k∗− = ± arccos
(
ν2g2δ (1 + g
2)− g2(1 + g2δ )
2gν2g2δ − 2gδg2
)
(B10)
for the negative sign. These additional saddle points coincide with k∗ = 0, π for
ν0 =
g|1 + gδ|
gδ|1 + g| , νπ =
g|1− gδ|
gδ|1− g| , (B11)
respectively. In the search of an echo peak ν ∈ [ν0, νπ] can be tuned to create any saddle point k∗ ∈ [0, π] via
νg,gδk∗ =
gǫgδk∗
gδǫ
g
k∗
. (B12)
Thus, for sufficiently long forward times with te = (1+ ν)τ and considering the equal contributions of both stationary
points
〈mx〉te − 〈mx〉∞ ≈−
∫ π
−π
dk
2π
[
sin θgδk sinφ
g,g0
k
cosφgδ,gk + 1
2
]
cos (2(ǫgk − νǫgδk )τ) + γτ−3/2 (B13)
≈− βg,g0,gδν
κk∗(τ)
τ1/2
+ γτ−3/2 (B14)
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where κk∗(τ) = cos(2(ǫ
g
k∗ − νǫgδk∗)τ + π/4) varies very slowly,
βg,g0,gδk∗ =
ζg,gδ,g0k∗
2
√
π |ξg,gδk∗ |1/2
, (B15)
ζg,gδ,g0k ≡ sin θgδk∗ sinφg,g0k∗
cosφgδ,gk∗ + 1
2
, (B16)
ξg,gδk∗ ≡
d2
dk2
(ǫgk − νg,gδk∗ ǫgδk )
∣∣∣∣
k=k∗
, (B17)
and the echo peak appears at te = (1 + ν
g,gδ
k∗ )τ , where
k∗ = argmax
k∗
|βg,g0,gδk∗ | . (B18)
The stationary phase approximation is valid if the test function ζg,gδ,g0k ≈ ζg,gδ,g0k∗ + ddkζg,gδ ,g0k
∣∣
k=k∗
(k − k∗) does not
vary too much on the interval [k − ∆k, k + ∆k], where ∆k is given by the width of the saddle point, (τξg,gδk∗ )−1,
i.e. we expect the approximation to be good for τ > τ∗ = ddkζ
g,gδ,g0
k
∣∣
k=k∗
/ξg,gδk∗ . Moreover, the period of κk∗(τ) is
determined by the difference of the spectra and, hence, very large compared to τ∗.
2. Longitudinal correlator for time reversal by generalised Hahn echo
We consider the case of starting from the ground state of H(g0 = 0). The echo in the transverse magnetisation is
given by
〈Szi Szi+1〉te =
∫ π
−π
dk
8π
e−ik
(
Σkx(te) + iΣ
k
y(te)
)
=
∫ π
−π
dk
8π
(
Σkx(te) cos k +Σ
k
y(te) sin k
)
. (B19)
The analysis of these integrals is mainly analogous to the previous section; however, for the Hahn echo protocol the
relevant saddle points are contributed by the integrals containing cos(2(ǫgk + ǫ
−g
k )τ) without a shift of the echo time
(ν = (te − τ)/τ = 1). Since with k∗± = ±π/2
d
dk
(
ǫgk + ǫ
−g
k
)∣∣∣∣
k=k∗
±
= ±

 1
ǫgk∗
±
− 1
ǫ−gk∗
±

 = 0 (B20)
and the corresponding test function sin k∗± cos θ
−g
k∗
±
sinφg,g0k∗
±
(cosφ∗k± + 1)/2 6= 0, the stationary phase approximation
yields
〈Szi Szi+1〉te − 〈Szi Szi+1〉∞ ≈ β˜g0,g
κ˜(τ)
τ1/2
(B21)
with
κ˜(τ) ≡ cos(2(ǫgπ/2 + ǫ−gπ2 )τ + π/4) , (B22)
β˜g ≡ ζ
g
4
√
π|ξ˜g|1/2 , (B23)
ζ˜g ≡ cos θ−gπ/2
cosφ−g,gπ/2 + 1
2
, (B24)
ξ˜g ≡ d
2
dk2
(ǫgk + ǫ
−g
k )
∣∣∣∣
k=π/2
. (B25)
Note that in this case the frequency of the oscillatory term κ˜(τ) is given by the sum of the spectra and for g ≫ 1
ǫgπ/2 + ǫ
−g
π2 ≈ g. Therefore, the echo peak height at te = 2τ oscillates with a high frequency, but the amplitude of the
oscillations follows a power law with exponent −1/2.
